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It is proved that a weak* compact subset A of scalar measures on a _-algebra
is weakly compact if and only if there exists a nonnegative scalar measure * such
that each measure in A is *-continuous (such a measure * is called a control
measure for A). This result is then used to obtain a very general form of the
VitaliHahnSaks Theorem on finitely additive vector measures. Finally, it is
proved that a weak* compact subset A of regular Borel measures on an F-space
is weakly compact if and only if there exists a nonnegative regular Borel measure
* such that each measure in A is *-continuous. This latter result shows that
Grothendieck’s theorem on weak* convergent sequences of measures is valid not
only for weak* convergent sequences but also for weak* compact subsets with a
control measure.  1997 Academic Press
INTRODUCTION
A well-known theorem of Grothendieck asserts that a weak* convergent
sequence of regular Borel measures on a compact Stonian space is weakly
convergent. This result has been generalized to _-Stonian spaces by T. Ando
(see [7, Thm 10.4, p. 131]) and further to F-spaces by G. Seever [11].
Another well-known theorem of this type is the VitaliHahnSaks theorem
on a sequence of bounded countably additive scalar measures. It asserts
that if a sequence of bounded countably additive scalar measures on a
_-algebra is pointwise convergent and continuous with respect to a bounded
countably additive scalar measure, then the sequence is uniformly countably
additive and uniformly continuous with respect to the control measure.
This result has been generalized to strongly additive vector measures as
well as countably additive vector measures and we refer to [2] for details.
There is a common point about the assumptions in the above theorems,
that is the weak* compactness of the sequence. Grothendieck’s theorem
says weak* compactness implies weak compactness, while the Vitali
HahnSaks theorem concludes that weak* compactness implies uniform
countably additivity, which in turn implies the weak compactness of the
sequence (see [1, Thm 13, p. 92]). This observation leads us to investigate
under which condition a weak* compact subset of measures is weakly
article no. FU962983
1
0022-123697 25.00
Copyright  1997 by Academic Press
All rights of reproduction in any form reserved.
File: 580J 298302 . By:CV . Date:23:12:96 . Time:11:17 LOP8M. V8.0. Page 01:01
Codes: 3264 Signs: 2753 . Length: 45 pic 0 pts, 190 mm
compact. It turns out that the existence of a control measure is necessary
and sufficient. In section 1 we prove that a bounded subset of countably
additive scalar measures on a _-algebra which is compact in the weak*
topology is in fact weakly compact. Using this result and a theorem of
Drewnowski, we then prove that if a bounded subset of finitely additive
scalar measures on a _-algebra is compact in the weak* topology and has
a control measure, then it is also weakly compact. This latter result is used
in section 2 to prove a very general form of the VitaliHahnSaks theorem
for strongly additive vector measures. More precisely we prove there that
if a set of bounded finitely additive vector measures is compact in the
strong operator topology and if it has a control scalar measure in the weak
sense, then the set of measures is uniformly strongly additive and uniformly
continuous with respect to the control scalar measure. A similar result was
obtained earlier in [8] for countably additive vector measures. In section 3
we use the results in section 1 and some well-known results of [11] to
extend the above Grothendieck’s theorem to weak* compact subsets of
regular Borel measures on F-spaces which have a control measure.
For terminologies concerning vector measures, we refer to [2] and for
the theory of Banach lattices, we refer to [5] and [7] and for the theory
of topological vector spaces, we refer to [6]. For various properties of
regular Borel measures on F-spaces, we refer to [11].
1. WEAK COMPACTNESS IN SPACES OF SCALAR MEASURES
Let 0 a nonempty set and let 7 be a _-algebra of subsets of 0. We use
B(7) to denote the Banach lattice of all bounded 7-measurable functions
on 0 equipped with the sup-norm. It is well-known that the dual space
B(7)* consists of all bounded finitely additive scalar measures (sign
measures) on 7. Note that each bounded finitely additive scalar measure is
strongly additive. The _-order continuous dual B(7)c* that consists of all
_-order continuous bounded linear functionals is a band of B(7)*, and
+ # B(S)c* if and only if + is a countably additive bounded scalar measure.
Since all the Dirac measures are _-order continuous (not necessarily order
continuous) functionals we see that B(7)c* is nontrivial and separates the
points of B(7)*. Recall that a nonnegative scalar measure * is said to be
a control measure for a set A of vector measures if each measure in A is
*-continuous (see [2]). The following theorem first appeared in [10]. For
the sake of completeness, we present a different proof here, which is essentially
a scalar version of the proof of [8, Thm. 10].
Theorem 1.1. Let A be a bounded subset of B(7)c*. Then the following
are equivalent:
(1) A is _(B(7)*, B(7)**)-compact;
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(2) A is _(B(7)*, B(7))-compact;
(3) A is weak*closed and uniformly countably additive.
Proof. The equivalence of (1) and (3) is well-known. See, for example,
[1, Thm. 13, p. 13]. That (1) implies (2) is trivial. We now prove that (2)
implies (3). We only have to show that (2) implies that A is uniformly
countably additive. Suppose that A/B(7)c* is _(B(7)*, B(7))-compact
and that the measures in A are not uniformly countably additive. Then
there exist a sequence of measurables subsets En a < and a sequence +n # A
and a positive number $ such that |+n(En)|$ for all n. Let *=n=1 |+n |
[2n(1+&+n&)]. Then +n R* for all n and * is a countably additive
nonnegative measure. Let D be the closure of [+n] in the weak* topology
_(B(7)*, B(7)). Then D is weak* compact and consists of countably
additive measures since D is a subset of A. We claim that +R* for all
+ # D. Fix any + # D. By [2, Thm 1, p. 10], we only have to prove that
*(E)=0 implies +(E)=0. Suppose that *(E)=0. Then +n(E)=0 for all n,
and since + is in the closure of [+n] in the weak* topology, we must have
+(E)=0. So we have proved our claim. Now let L=L(7, *) and
L1=L1(7, *). For any + # D, it follows from the RadonNikodym theorem
that there is an element f+ # L1 such that +(E)=E f+ d*. Let D =
[ f+ : + # D]. Since D is weak* compact in B(7)*, it is easy to verify that
D is _(L1, L)-compact. Now by a theorem of Dunford (see [2, p. 76]),
the functions in D are uniformly integrable. Since *(En) a 0, this contradicts
to the above that | +n(En)|$ for all n. Therefore, the measures in A are
uniformly countably additive, that is, if En a <, then sup+ # A &+(En)& a 0, or
equivalently, if [En] is a sequence of pairwise disjoint elements in 7, then
sup+ # A &k=n +(Ek)&  0.
The fact that (2) implies (3) is valid in a more general sense; see [8] for
details, where a generalized VitaliHahnSaks Theorem is proved. By
Theorem 1.1 and by [2, Thm 4, p. 11], we immediately obtain the following.
Corollary 1.2. Let A be a subset of B(7)c* which is _(B(7)*,
B(7))-compact. Then there exists a nonnegative element * # B(7)c* such that
the measures in A are uniformly *-continuous.
Next we consider finitely additive scalar measures. The following
theorem is an analogue of Theorem 1.1 and it follows from Theorem 1.1
and a theorem of Drewnowski (see [2, p. 38]).
Theorem 1.3. Let A be a bounded subset of B(7)*. Then the following
three statements are equivalent:
(1) A is _(B(7)*, B(7)**)-compact;
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(2) A is _(B(7)*, B(7))-compact and there exists a bounded finitely
additive nonnegative scalar measure * such that +R* for + # A;
(3) A is weak* closed and uniformly strongly additive.
Proof. It follows from a theorem of Grothendieck (see [5, Thm 2.5.5])
and [2, Prop. 17, p. 8] that A is relatively _(B(7)*, B(7)**)-compact if
and only if the measures in A are uniformly strongly additive. So (1) and
(3) are equivalent. That (3) implies (2) follows from [2, Cor. 4, p. 28] and
Alaoglu’s Theorem. It remains to show that (2) implies (3). Suppose that
the mesaures in A are not uniformly strongly additive, then, by [2,
Prop. 17, p. 8], there exist a positive number $>0 and a sequence of
pairwise disjoint elements [En] in 7 and a sequence [+n] in A such that
|+n(En)|$ for all n. Since * is strongly additive, it follows from a theorem
of Drewnowski (see [2, p. 38]) that there is a subsequence [Enk] of [En]
such that * is countably additive on the _-algebra 70 generated by [Enk].
Restrict all measures to 70 . Then each + # A is countably additive on 70
since +R*. Now consider A as a subset, of B(70)*. Then we have
A/B(70)c* and it is easy to verify that A is _(B(70)*, B(70))-compact. By
Theorem 1.1, we see that A is _(B(70)*, B(70)**)-compact and so the
measures in A are uniformly countably additive on 70 . But this is a
contradiction to the above that |+n(En)|$ for all n. The proof is
completed.
By Theorem 1.3 and by [2, Cor. 5, p. 29], we immediately obtain the
following.
Corollary 1.4. Suppose that A is a _(B(7)*, B(7))-compact subset of
B(7)* and that there exists a nonnegative element * # B(7)* such that +R*
for all + # A. Then the measures in A are uniformly *-continuous.
Remark 1.5. (a) Theorem 1.3 generalizes the VitaliHahnSaks
Nikodym Theorem (see [2, Thm 8, p. 23]) on a sequence of bounded
finitely additive scalar measures, since it is always possible to construct a
control measure for a sequence of bounded finitely additive scalar measures
and its limit measure. Later in this paper, we will prove a more general
result (Theorem 2.1). (b) Theorem 1.3 is not valid if we drop the existence
of the control measure *. For example, if the space B(7) is infinite dimen-
sional, then the closed unit ball of B(7)* is weak*-compact but the
measures in the unit ball are obviously not uniformly strongly additive.
However, as shown by Theorem 1.1, if the measures in A are all countably
additive, then there is no need to assume the existence of a control
measure, although the uniform countable additive ensures the existence of
such a measure (see Corollary 1.2).
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2. A GENERALIZATION OF THE
VITALIHAHNSAKS THEOREM
In this section we prove another main result of this paper, which
generalizes the VitaliHahnSaks Theorem on a sequence of finitely
additive vector measures. First we fix some notations. If Y, X are locally
convex spaces, then Ls(Y, X) denotes the space of all continuous linear
mappings from Y into X equipped with the simple convergence, that is,
T:  T in this topology if and only if T:( y)  T( y) in the topology of X
for every y # Y. Also, recall that if X is a Banach space, then a linear
operator T : B(7)  X is bounded if and only if there exists a bounded
vector measure F : 7  X such that T( f )= f dF for all f # B(7). In the
following we identify a bounded vector measure F with the operator TF it
induces.
Theorem 2.1. Let 7 be a _-algebra and let X be a Banach space.
Suppose that A is a compact subset of Ls(B(7), X). If there exists a non-
negative bounded finitely additive scalar measure * such that x*FR* for all
F # A and all x* # X* (in particular, if FR* for all F # A), then the measures
in A are uniformly strongly additive and uniformly *-continuous.
Proof. Let U be the closed unit ball of X*. Then it follows from [8,
Thm 2] or one can give a direct proof that the set
K= .
F # A, x* # U
T*F (x*)
is _(B(7)*, B(7))-compact. Moreover, each scalar measure T*F (x*) is
*-continuous by assumption. Now by Theorem 1.3, we have that K is
_(B(7)*, B(7)**)-compact. So the measures in K are uniformly strongly
additive. Therefore, if [En] is a sequence of pairwise disjoint elements in 7,
we have
sup
F # A " :

k=n
F(Ek)"=sup+ # K " :

k=n
+(Ek)" .
This implies that the measures in A are uniformly strongly additive. The
last statement follows from [2, Cor. 5, p. 29].
One important consequence of Theorem 2.1 is the following well-known
VitaliHahnSaks Theorem on a sequence of bounded finitely additive
vector measures with a control scalar measure. Notice that we did not use
this theorem when proving Theorem 2.1 or any other previous result and
that the results we have quoted or will quote in the following are independ-
ent on this theorem and so we can regard Theorem 2.1 as a generalization
of this well-known Theorem.
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Corollary 2.2. (The V.H.S. Theorem). Let 7 be a _-algebra and let
[Fn] be a sequence of bounded finitely additive vector measures such that all
Fn R* for some bounded finitely additive nonnegative scalar measure *.
If limn Fn(E) exists for each E # 7, then the measures Fn are uniformly
*-continuous.
Proof. Define F(E)=limn Fn(E) for any E # 7. Then by the Nikodym
Boundedness Theorem, the set A=[Fn] _ [F] is compact in Ls(B(7), X).
For any x* # X*, since x*Fn R* and since limn x*Fn(E)=x*F(E) for all
E # 7, it follows from Remark 1.5 (a) that the measures [x*Fn : n1] are
uniformly strongly additive. Then by [2, Cor. 5, p. 29], the measures
[x*Fn : n1] are uniformly *-continuous and so x*FR*. Now the result
follows from Theorem 2.1.
Remark 2.3. (a) In Corollary 2.2 we can replace the condition that
Fn R* for all n with the seemingly weaker condition that x*Fn R* for all
n and all x* # X*. This can be seen from the proof. (b) Theorem 2.1 is also
valid for countably additive vector measures, see [8] for details.
3. WEAK COMPACTNESS IN SPACES OF MEASURES
ON F-SPACES
In this section K denotes a compact Hausdorff space and C(K) denotes
the Banach lattice of all continuous complex valued functions on K. It is
well-known that the dual space C(K)* of C(K) can be identified with the
space of all regular Borel measures on K. We use C(K)c* to denote the
subspace of all _-order continuous functionals on C(K). It is recently
proved in [10] that if K is a compact _-Stonian (quasi-Stonian) space,
then a weak* compact subset of C(K)c* is weakly compact. In this section
we use Theorem 1.3 to prove a similar result concerning measures on
F-spaces. Recall that a compact Hausdorff K space is said to be:
(a) Stonian if every open subset has open closure;
(b) _-Stonian if every open F_ -set has open closure;
(c) totally disconnected if K possesses a base of open-and-closed
subsets;
(d) an F-space if disjoint open F_ subsets of K have disjoint closures.
It is well-known that K is Stonian if and only if C(K) is Dedekind
complete (order complete) and that K is _-Stonian if and only if C(K) is
_-Dedekind complete (sequentially order complete). See [7] for details. It
is also well-known that K is an F-space if and only if C(K) has property
(I) (see [11]). The relations between these spaces are well-known and can
be described as follows. (a) implies (b), and (b) implies (c) and (d). In
general, there exists no relation between (c) and (d). See [11] for details.
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To prove our main result in this section, we need some preparations. The
following preparations including Lemma 3.1 and Lemma 3.2 are taken
from [10]. we enclose them here for the sake of completeness since [10]
has not appeared yet. In the following we assume that K is a _-stonian
space. Since K has a base of open-and-closed sets, the continuous functions
with finite range are dense in C(K) (see [12, Prop. 8.2.2]). Moreover, the
Boolean algebra U of open-and-closed subsets is _-complete as an abstract
Boolean algebra, but not a _-complete subalgebra of 2K (the power set of
K) unless K is finite. In fact, if [On] is a sequence in U, then n=1 On=
O"A, where O is the closure of the union, which is open and closed, and
hence A is a closed, nowhere dense G$ -set. Thus if N denotes the _-ideal
(or _-ring) generated by all closed, nowhere dense G$-sets, then U+N
(Boolean sum) is the smallest _-algebra (of subsets of K) containing U.
Since the characteristic functions /O(O # U) are continuous, it is now easy
to see that 7=U+N is in fact the Baire _-algebra of K. Note that N is
exactly the set of all Baire subsets of first category.
Let BN=[ f # B(7) : [x : f (x){0] # N]. It is easy to see that BN is a
closed _-ideal of B(7) and that BN & C(K)=[0]. Our next objective is to
show that each bounded Baire measurable function can be uniquely
decomposed into the sum of a continuous function and a function in BN .
From now on 7 denotes the Baire _-algebra.
Lemma 3.1. B(7)=C(K)BN , where the sum is a topological direct
sum and the associated projection q : B(7)  C(K) is a lattice homomorphism
and has norm equal to 1.
Proof. Let St(7) be the subspace of B(7) that consists of all simple
Baire functions. We define a mapping q : St(7)  C(K) as follows. Suppose
f = :i /Ci with Ci disjoint and  Ci=K. We write A+B, AB for the
Boolean sum (i.e., the symmetric difference) and the multiplication (i.e., the
intersection) of the sets A, B # 7 respectively and let Ci=Ui+Ni with
Ui # U and Ni # N. For i{ j, <=Ci Cj=(Ui+Ni)(Uj+Nj)=UiUj+
(Ui Nj+Ni Uj+Ni Nj) and so UiUj=<, which implies Ui and Uj are
disjoint. Since K= Ci= Ui+ Ni , we have  Ui=K and  Ni=<.
Now define q( f )= :i/Ui . It is easy to verify that q is well defined and
that (1) q is linear and bounded such that &q( f )&& f & and (2) |q( f )|=
q( | f | ) for all f # St(7). So q extends to a lattice homomorphism from B(7)
into C(K). Since the continuous functions of the form  :i /Ui with Ui # U
are dense in C(K), we have q( f )= f for all f # C(K). So q is a projection
of B(7) onto the closed sublattice C(K) with norm 1.
Lemma 3.2. The dual mapping q*: C(K)*  B(7)* is an injective
isometry. Moreover, q* is a weak*as well as a weak homeomorphism from
C(K)* onto its image in B(7)*.
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Proof. By Lemma 3.1 and its proof, we see that q maps the closed unit
ball of B(7) onto the closed unit ball of C(K). So q* is an injective
isometry. The last statement follows from the fact that q has closed range
and that q* is an isometry (see [6, IV. 7.3, p. 157]).
The following is the preliminary version of our main result of this
section.
Theorem 3.3. Let K be a compact _-Stonian space. Let A be a _(C(K)*,
C(K))-compact subset of C(K)*. If there exists a nonnegative element
* # C(K)* such that +R* for all + # A, then A is _(C(K)*, C(K)**)-compact.
Proof. Let A be as in the theorem. Then q*(A) is _(B(7)*, B(7))-
compact by Lemma 3.2. Moreover, q*(*) # B(7)* is a control measure for
q*(A) since q* is positive by Lemma 3.1. By Theorem 1.3, q*(A) is
_(B(7)*, B(7)**)-compact. Now by Lemma 3.2 again, we see that A is
_(C(K)*, C(K)**)-compact.
Using [11, Thm 2.2], we can immediately extend the above result to
F-spaces. Here we adopt the method in [11], namely, we prove the
theorem by reducing it to Stonian spaces. First recall that the carrier of a
Borel measure + on K is defined to be car( +)=K& [O : O open and
|+|(O)=0] (see also [11]).
Theorem 3.4. Let K be an F-space. Let A be a _(C(K)*, C(K))-compact
subset of C(K)*. If there exists a nonnegative element * # C(K)* such that
+R* for all + # A, then A is _(C(K)*, C(K)**)-compact. Furthermore, the
measures in A are uniformly *-continuous.
Proof. Let K0=car(*). Then car(+)K0 for all + # A by assumption.
So we can restrict all measures in A to K0 . Now it follows from [11,
Thm 2.2] that K0 is a Stonian space and it is easy to see that A is
_(C(K0)*, C(K0))-compact and that * is a control measure for A. There-
fore, A is _(C(K0)*, C(K0)**)-compact. By [11, Lemma 2.1], we see that
A is also _(C(K)*, C(K)**)-compact. Let 70 be the Borel _-algebra of
subsets of K. Then C(K)* can be regarded as a closed subspace of B(70)*,
and so we can regard A as a subset of B(70)*. Since A is _(C(K)*,
C(K)**)-compact and since B(70)/C(K)**, A is _(B(70)*, B(70))-
compact and * is a control measure for A. So the last statement of the
theorem follows from Corollary 1.4.
Since it is always possible to construct a control measure for a given
sequence of measures and its limit, we easily obtain the following well-
known theorem by Theorem 3.4.
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Corollary 3.5. (Seever [11]). Let K be an F-space. Then any weak*
convergent sequence in C(K)* is weakly convergent.
Proof. Let [+n] be a weak* convergent sequence that converges to +.
Then the set A=[+n] _ [+] is weak* compact and has a control measure
by an obvious construction. So A is weakly compact by Theorem 3.4. Since
the weak topology is stronger than the weak* topology, we see that the
two topologies coincide on A. Therefore, [+n] is weakly convergent.
Notice that the existence of the control measure in Theorem 3.4 is
necessary since the unit ball of C(K)* is always weak* compact but not
weakly compact in general. Also, it is well-known that the F-space in
Theorem 3.4 cannot be replaced by an arbitrary compact space. The author
does not know whether Theorem 3.4 is also valid for any G-space, i.e., a
compact spaces K for which _(C(K)*, C(K))-convergent sequences are
_(C(K)*, C(K)**)-convergent.
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